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ABSTRACT

The optical response of single-walled carbon nanotubes is dominated by exciton states with unusually large binding energies. We show that
screening in semiconducting tubes enhances rather than reduces the electron-hole interaction for separations larger than the tube diameter.
This “antiscreening” region deepens the relative energy level of the higher exciton states yielding unconventional excitation spectra. The
effect explains the discrepancy in the current experimentally extrapolated exciton binding energies (deduced using conventional model spectra)
and those obtained from ab initio calculations on isolated tubes.

In single-walled carbon nanotubes (SWCNT), due to quasi-
one-dimensionality, the interaction between an optically
excited electron and hole is expected to be significantly
stronger than that in three-dimensional bulk systems.1,2 This
leads to the prediction of strongly bound exciton states
(electron-hole correlated pair states) for both semiconduct-
ing and metallic SWCNTs, with binding energies as large
as 1 eV for the lowest optically allowed states for semicon-
ducting tubes2 and 50-100 meV for metallic tubes.2,3

Subsequent experiments on the one- and two-photon optical
transitions in semiconducting SWCNTs4-7 have confirmed
the strong excitonic picture of the optically excited states,
and recent absorption measurements8 also provided evidence
of excitons in metallic SWCNTs. However, in obtaining the
exciton binding energies in semiconducting tubes from the
two-photon experiments, which are performed on tubes in a
dielectric medium, theoretical input is required because the
experiments measure directly only the difference between
the energy of the lowest (E1A2) and the second lowest (E2A1)
optically active exciton states.21 The binding energy of the

lowest exciton may be evaluated directly from ab initio
calculations employing the GW-Bethe-Salpeter equation
(GW-BSE) technique2,9,10 as E1A2

bind ) Econt - E1A2 where Econt

is the onset energy of the electron-hole continuum. How-
ever, experimental estimates of E1A2

bind in the literature, which
have been extrapolated from measurements of (E2A1 - E1A2)
employingaparticular1Dmodelpotential for theelectron-hole
interaction with a constant dielectric function playing the
role of the environment4,5 resulting in an empirical rule of
E1A2

bind ≈ 1.4(E2A1 - E1A2), are significantly lower than the ab
initio results. In addition, more recent measurements on
isolated tubes6,7 have observed excitonic spectral peaks at
energies that are significantly higher above the E1A2 value
than the empirically assumed binding energies.

In this work, we show that the exciton binding energy from
model calculations is sensitive to the form and accuracy of
the model potential and that this is the source of the
discrepancy between model derived experimental and ab
initio values. The absorption spectrum changes drastically
depending on whether a model with constant dielectric
screening or spatially dependent dielectric screening is used,
which explains the discrepancy in the literature regarding
both the 1A2 exciton binding energy and the energy spacing
of higher excited states. To this end, we formulate a new
physically grounded model for the effective 1D electron-hole
interaction of both semiconducting and metallic isolated
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SWCNTs, including the important effects of a spatially
dependent dielectric function, that is in agreement both with
measurement and ab initio calculations. We show that
because of the unique nature of screening in one-dimensional
systems, the electron-hole interaction is strengthened (as
compared to the bare interaction) rather than weakened at
electron-hole separation distances typical in higher excitonic
states such as the 2A1, 3A2, 4A1, etc., which causes these
states to have a binding energy that is a larger fraction of
the lowest state 1A2 binding energy than in previous models
considered.4,11

The two-photon optical transition experiments of Wang
et al.4 directly measured the energy difference between the
excitation energies of the lowest even envelope function ex-
citon state, E1A2, and of the first odd envelope function exciton
state, E2A1, within a given interband transition complex. The
binding energy of the lowest energy state, E1A2

bind, was then
estimated by fitting the measured value of (E2A1 - E1A2) to
the difference between the two lowest quantum states of the
following 1D hydrogenic-like potential by varying the
parameter ε

where z0 ) 0.3d is a parameter approximating the diameter
(d) dependence of the interaction. Using this potential form,
a binding energy of approximately E1A2

bind ≈ 1.4(E2A1 - E1A2)
was found. The value of the binding energy for the tubes
studied ((7,5), (6,5), and (8,3)) were significantly lower than
those predicted by extrapolations based on the ab initio
calculations of Spataru et al.2,12 (see Table 1). In the ab initio
calculation on the (8,0), (10,0), and (11,0) nanotubes, for
example, the binding energy, E1A2

bind, was approximately two
to three times that of the calculated E2A1 - E1A2 values,
revealing the inadequacy of the model interaction given in
eq 1 and casting doubt on the accuracy of empirically extra-
polated binding energies based on it for isolated SWCNTs.

The most unphysical approximation in using eq 1 to model
the effective electron-hole interaction in isolated SWCNTs
is the use of a constant dielectric screening, represented by
the parameter ε. Another approximation is the particular form
of the diameter dependence in eq 1. We seek a more accurate
description of the effective 1D electron-hole interaction in
SWCNTs, which in principle could be extended to other 1D
structures. From the Bethe-Salpeter equation,10 one can
show that, within the usual effective mass approximation,
the exciton binding energy Eex and envelope function F(z),
for a given state, satisfy

where J is the exchange integral between the valence and
conduction states at the band minima and

is the direct interaction, where, Fc ) |ψc(rb)|2 and Fv ) |ψv(rb)|2,
and W is the screened Coulomb interaction. The interaction,
Vdir, corresponds to a weighted average of W over the
electron-hole relative coordinates perpendicular to the tube
axis (x′,y′) and the position of the center of mass throughout
one unit cell.

To obtain a model that is useful for SWCNTs of arbitrary
chirality and diameter, it is necessary to find analytic
expressions for eq 2 and eq 3. For simplicity, we first neglect
the exchange term, JF(0), which is responsible for the singlet/
triplet splitting of the exciton states. This is justified by noting
that the singlet/triplet splitting from ab initio study is
approximately 10-50 meV13 for the (8,0), (10,0), and (11,0)
SWCNTs, whereas the exciton binding energies are on the
order of 1 eV. Second, we approximate that Fc(s,θ,z) )
Fv(s,θ,z) ) (1/πdL)δ(s - (d/2)), where s is the radial
coordinate perpindicular to the tube axis, L is the length of
a unit cell, and d is the tube diameter; i.e., the charge exists
uniformly on the surface of a cylinder of diameter equal to
that of the SWCNT studied. The unscreened 1D electron-hole
interaction under this approximation is that of two rings (in
atomic units)

where K(z2) ) ∫0
(π)/(2) dθ/(1 - z2 sin2(θ))1/2 is the complete

elliptic integral of the first kind. Or in Fourier space

where I0 and K0 are the zeroth-order modified Bessel
functions of the first and second kind. This expression for
the bare interaction has been used to model the 1D

Table 1. Comparison of Experimental and Theoretical
Values for the Exciton Excitation Energy Difference, E2A1
- E1A2, and the Lowest Exciton Binding Energy E1A2

bind (in
eV)

E2A1 - E1A2 E1A2
bind

expt
(measured)

present
work

expt
(extrap)

present
work

ab initio
(extrap)

(6,4) 0.33b 0.41 0.42b 0.98 0.91c

(6,5) 0.31a,0.28b 0.38 0.43a,0.37b 0.85 0.81c

(7,5) 0.28a,0.23b 0.34 0.39a,0.31b 0.77 0.77c

(7,6) 0.20a 0.31 0.35a 0.70 0.70c

(8,3) 0.30a,0.29b 0.37 0.42a,0.38b 0.84 0.84c

(8,6) 0.25a 0.28 0.35a 0.64 0.66c

(8,7) 0.20a 0.26 0.29a 0.60 0.61c

(9,1) 0.32b 0.38 0.42b 0.88 0.87c

(9,4) 0.24a,0.27b 0.30 0.34a,0.38b 0.69 0.71c

(9,5) 0.23a 0.28 0.33a 0.62 0.62c

(9,7) 0.22a 0.24 0.30a 0.55 0.58c

(10,2) 0.24a 0.31 0.34a 0.73 0.75c

(11,3) 0.22a 0.27 0.31a 0.62 0.65c

(11,6) 0.19a 0.21 0.27a 0.51 0.55c

(12,4) 0.20a 0.21 0.27a 0.53 0.58c

a From refs 4 and 11. b From ref 5. c From ref 12.

Vh(z) ) -e2

(|z| + z0)ε
(1)

[- p2

2m*
∂2

∂z2
- Vdir(z) + Jδ(z)]F(z) ) EexF(z) (2)

Vdir(z′) ) ∫ dx′ dy′ d rb2 W( rb′ + rb2, rb2)Fc( rb′ + rb2)Fv( rb2)
(3)

Vbare(z) )

2
π

K(-d2

z2)
|z|

(4)

Vbare(q) ) 2I0(qd
2)K0(qd

2) (5)
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electron-hole interaction in the past, but without ab initio
input for the polarizability.8,14 We can express an effective
one-dimensional dielectric function as ε(q) ) 1 - %(q)Vbare(q)
and the total screened potential from a single ring charge is
then

For semiconducting tubes with band gap Eg and diameter d,
we obtain the form of %(q) by a 1D Penn model,15 enforcing
that the exciton binding energies go to zero as 1/d for large
d, as

where, R ) C1′/Eg
2d2 ≈ C1 is a diameter-independent

quantity, since the band gap of semiconducting tubes scales
approximately as 1/d. (Atomic units are used throughout.)
Equations 2 and 5-7 yield an effective electron-hole
interaction model for semiconducting tubes which is diameter
and chirality dependent through the effective mass and the
explicit diameter dependence in % and Vbare.

A plot comparing ε(q) ) 1 - %(q)Vbare(q) using eq 5 and
eq 7 with the full ab initio dielectric function for the (8,0)
tube is shown in Figure 1a, after fitting the two constants C1

and C2 to achieve the best agreement. The dielectric function
has interesting characteristics that are not found in 3D

semiconductors. As was pointed out by Leonard et al.,16 the
dielectric function goes to unity at both large and small q.
This implies that, in 1D semiconducting systems, there is
no screening at both short and large separation. In bulk
semiconductors, ε(q ) 0) is a nontrivial constant correspond-
ing to the fact that, when viewed from large distances, there
is a finite induced charge around an added external charge
that screens the added charge. In SWCNTs and other reduced
dimensional systems, the induced charge around an external
charged particle actually integrates to zero. Using eq 6 for
the total potential of an added electron in the form of a ring
of charge, the induced charge, Find(q) ) %(q)V(q), is plotted
for the (8,0) tube in real space in Figure 1b. The presence
of both positive and negative induced charge density near
the added charge integrating to zero is evident. This leads
to the novel effect that for electron-hole separation greater
than the tube diameter the electron-hole interaction is
enhanced (see Figure 2).

The real space dependence of our 1D effective electron-
hole interaction, eq 6, is shown in Figure 2 for the (8,0)
semiconducting SWCNT. The interaction drops below
Vbare(z) in the region where screening charges of the same
sign as the added charge are induced (the antiscreening
region). This antiscreening behavior was seen by van den
Brink and Sawatzky for molecular nanostructures17,18 using
a simple dipole interaction model. We now show that it
comes out explicitly from the first principles GW/BSE
calculations and causes the higher states in the series (2A1,
3A2, 4A1,...) to have binding energies that are a relatively
higher fraction of the 1A2 binding energy then is the case in
a hydrogenic like electron-hole model. This is the physical
origin of the failure of eq 1 in describing the excitonic
spectrum of isolated SWCNTs.

We obtain the parameters C1 and C2 in our model by
minimizing the energy difference between the solutions to
eq 2 and those of the series of excitons derived from the
first (E11) and second (E22) optically allowed interband
transitions of the ab initio calculations on the (8,0), (10,0),
and (11,0) tubes. For the solution of eq 2, the effective
masses were taken from an interpolation formula by Jorio
et al.19 The optimal values are C1 ) 424 and C2 ) 0.015, in

Figure 1. Dielectric screening in SWCNTs. (a) Comparison
between the averaged ab initio inverse dielectric function, ε-1(q)
(data points) and the 1D ring Penn model (solid line) of the (8,0)
SWCNT. The parameters C1 and C2 in the text were fit to give the
best agreement. (b) The induced charge distribution around an added
positive ring charge (at z ) 0) plotted down the tube axis. The
total induced charge integrates to zero.

V(q) )
Vbare(q)

1 - %(q)Vbare(q)
(6)

%(q) ≈ -
C2′d

Eg

Rq2

1 + Rq2
≈ -C2d

2 C1q
2

1 + C1q
2

(7)

Figure 2. 1D electron-hole interaction potential. Comparison of
the screened interaction for the (8,0) zigzag tube with the bare
interaction, eq 5. The notable feature in this plot is the region in
which the screened interaction actually drops below the bare
interaction. This is a region of antiscreening that accounts for the
relatively large binding energies of exciton states.
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atomic units. Figure 3 compares the binding energies from
the ab initio calculation and the present model.

Table 1 shows the predicted binding energies of the present
model for the tubes measured by Wang et al.4 and Maultzsch
et al.5 Our model results agree to within 0.1 eV with the
measured E2A1 - E1A2 values, suggesting the dielectric
environment and the antiscreening effect does not greatly
change this value because the electron-hole amplitude is
concentrated near the origin of Figure 2 for these states.
However, the present model disagrees quite dramatically with
the binding energies reported in those papers obtained by
extrapolation using the relation E1A2

bind ≈ 1.4(E2A1 - E1A2).
Owing to the spatial-dependent dielectric function (i.e., the
antiscreening effect), we find that E1A2

bind ≈ 2.3(E2A1 - E1A2)
for these tubes, showing that eq 1 underestimates the exciton
binding energy of isolated SWCNTs. Shown in Figure 4 are
the excitation features for tubes studied in the work of
Lefebvre et al.6 The observed features (labeled L1 and L1*
in ref 6) above the E1A2 energy in the experimental spectra
lie in the energy range of the bright 3A2, 5A2 and continuum
exciton states of the E11 transition in the current model

suggesting an assignment of these features to a higher exciton
state. Also shown in Table 1 is a comparison of the current
model 1A2 binding energies to those extrapolated from ab
initio.12 Although this extrapolation in the previous work was
done using a constant dielectric function, the constant was
fit in order that the 1A2 binding energies match those
calculated from ab initio. The higher states in the current
model spectra are significantly more spread out in energy
than in the previous work where the 2A1 excitation energy
is already very near the continuum energy.

For the metallic SWCNTs, we may approximate the dielectric
function within a free electron Thomas-Fermi approximation.
In this case, %m(q) ) -D(Ef), where D(Ef) is the density of
states per unit length at the Fermi energy, Ef. To take into
account the additional screening of the higher subbands, we
add a tube-independent constant, εIB ) 2, to the metallic
dielectric function. Because the density of states does not vary
greatly with tube diameter, the number of screening electrons
is approximately constant with tube diameter. Small diameter
tubes, therefore, have a larger dielectric function (and conse-
quently more screening) due to the diameter dependence of the
bare Coulomb potential between charged rings.

Table 2 shows a comparison of the binding energies
obtained in the present model to those from ab initio3 and
experiment8 for the (5,5), (10,10), and (21,21) metallic
SWCNTs. Again, the agreement is good. Because of the
enhanced screening in smaller diameter metallic tubes, the
binding energies of the excitons are relatively constant as a
function of diameter compared to the scaling behavior of
semiconducting tubes. Other experiments involving photo-
current-spectroscopy have also predicted binding energies
of approximately 50 meV in metallic SWCNTs.22

In summary, our analysis shows that the use of an
electron-hole interaction model with a spatially constant
dielectric function to estimate the 1A2 exciton binding energy
in isolated SWCNTs leads to a large underestimation of the
binding energy. Such a model may be suitable for nanotubes
suspended in solution; however, the effect of a dielectric
background medium on the exciton binding energies of tubes
suspended in solution or in a polymer matrix remains a
difficult and underexplored issue to be examined both
theoretically and experimentally. We demonstrate that the
exciton binding energies of isolated SWCNTs can be
accurately determined through the application of an effective
electron-hole interaction with spatial-dependent dielectric
screening. An important “antiscreening” effect on the binding
energy of the exciton states is discovered for the semicon-
ducting tubes. The single-photon photoluminescence experi-
ments on isolated tubes by Lefebvre et al.6 agree well with
the current model, which provides a bridge connecting the

Figure 3. Comparison between ab initio and model binding energies
of the 1A2, 2A1, and 3A2 states associated with the E11 and E22

interband transitions for the (8,0), (10,0), and (11,0) SWCNTs.

Figure 4. Comparison of the observed spectral peak positions for
different diameter semiconducting tubes in the work of Lefebvre
et al.6 to the 3A2 and 5A2 excitonic state energies in the E11 bound
exciton series. The black circles represent the calculated continuum
level in the present model while the black diamonds and triangles
represent the 5A2 and 3A2 states, respectively. The red diamonds
and triangles are the L1* and L1 features in the work by Lefebvre
et al.6

Table 2. Comparison between Binding Energies for the
Lowest Bound Exciton in Metallic Tubes between the
Present Model, ab Initio Calculations3 and Experiment8

(in meV)
present work ab initio experiment

(5,5) E11 59 64
(10,10) E11 51 50
(21,21) E22 40 50
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ab initio calculations with the experimental spectroscopic
structure of isolated tubes.
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